Abstract. Let G → P → M be a flat principal bundle over a closed and oriented manifold M of dimension m = 2d. We construct a map of Lie algebras Ψ : H eq 2 * (LM ) → C ∞ (MC), where H eq 2 * (LM ) is the even dimensional part of the equivariant homology of LM , the free loop space of M , and MC is the Maurer-Cartan moduli space of the graded differential Lie algebra Ω * (M, Pg ), the differential forms with values in the associated adjoint bundle of P . We treat different Lie algebra structures on H eq 2 * (LM ) depending on the choice of the linear reductive Lie group G in our discussion.
Introduction
The precursor to Chas-Sullivan string bracket [CS1] was the Lie algebra structure defined on certain vector spaces based on the homotopy classes of closed curves on a closed and orientable surface S. The simplest one of these was defined on the vector space Rπ generated by the setπ of free homotopy classes of closed and oriented curves on S. There was a similar construction of a Lie algebra based on unoriented curves. For the moment, let us talk about Rπ for which the bracket of two equivalence classes of curves is a signed summation of the curves obtained by breaking and reconnecting two transversal representatives at each of their intersection points one at a time. The relevance, and more importantly the universality, of this algebraic object to geometry was established by defining a map γ → f γ , from Rπ to Key words and phrases. free loop space, string bracket, flat connections, Hamiltonian reduction, Chen iterated integrals, generalized holonomy, Wilson loop.
The first author was supported by a ChateauBriand Postdoctoral Fellowship while he was visitingÉcole Polytechnique 2004 Polytechnique -2005 the Poisson algebra of smooth functions on the symplectic space Hom(π, G)/G of representations of π into G = GL(n, C) or GL(n, R). Said slightly differently, to a free homotopy class of a closed curve one assigns a function on the moduli space of all flat connections modulo the gauge group. The value of the function f γ at an equivalence class α is the trace of the holonomy with respect to the flat connection representing α along a oriented closed curve representing the free homotopy class γ. The Poisson bracket of two such functions is identified as (see [Go2] ), {f γ , f λ } = p∈γ#λ ε(p; γ, λ)f γpλp where γ p λ p denotes the product of the elements γ p , λ p ∈ π 1 (S; p), and ε(p; γ, λ) = ±1 denotes the oriented intersection number of γ and λ at p.
Goldman [Go2] showed that,
ε(p; γ, λ)γ p λ p defines a Lie bracket on Rπ the free vector space generated by the conjugacy classes of π. In particular this means that the map γ → f γ is a map of Lie algebras. Similarly, he showed that the Lie algebra structure on the vector space based on the set of free homotopy classes of unoriented curves corresponds to the case where G is O(p, q), O(n, C), U(p, q), Sp(n, R), or Sp(p, q) . In this case the Poisson bracket has the following formula,
where once again γ p λ p and γ p λ −1 p denotes the product of γ p with λ p and its inverse λ −1 p in π 1 (S; p), respectively. It was also proved in [Go2] that, This makes H eq * (LM ) into a graded Lie algebra, after a shift by m − 2 in the grading. For an oriented surface M of dimension m = 2 and i = j = 0, the bracket on Rπ = H eq 0 (LM ) coincides with that discovered by Goldman. Inspired by [Go2] and [CFP] , we do something similar for the Chas-Sullivan bracket in this paper. More precisely, let G denote GL(n, R) or GL(n, C), endowed with the invariant function g → trg, and g its Lie algebra with the nondegenerate invariant bilinear form x, y = tr(xy). Let G → P → M be a principal bundle over a manifold M of dimension m = 2d, with a fixed flat connection ∇. We construct a map of Lie algebras Ψ from the equivariant homology H eq 2 * (LM ) to the Possion algebra of function on the symplectic space MC. Here, MC = {x ∈ k≥0 Ω 2k+1 (M, adP ) | d ∇ x + 1/2[x, x] = 0}/G is the MaurerCartan moduli space (see 4.1 for definition) of the differential graded Lie algebra (Ω * (M, adP ) , d ∇ ) of differential forms with values in adP , the associated adjoint bundle of P (see [GG] ). For a description of the natural symplectic structure of MC see Example 4.2 Proposition 4.3 and Theorem 4.5. Note that using ∇ as a point of reference, the Maurer-Cartan moduli space MC contains a copy of the moduli space of flat connection on G → P → M . For a loop λ ∈ LM , representing an element of H eq 0 (LM ), the value of the function Ψ λ at a flat connection is the trace of its holonomy along λ. Here is one of the main theorems, Theorem 6.4. For G = GL(n, C) or GL(n, R), the generalized holonomy map,
is a map of Lie algebras.
The machinery of the proof is robust enough to handle other reductive subgroups of GL(n, C). In a manner similar to the discussion in [Go2] , different subgroups correspond different Lie algebra structures on the equivariant homology of free loop spaces. We discuss the cases of G = O(p, q), O(n, C), U(p, q), Sp(n, R) and Sp(p, q) (see section 7).
Let us very briefly review each section. Section 2 is a short description of the loop product and string bracket. In section 3 we recall basic facts about invariant functions on Lie groups and some of their byproducts. Section 4 discusses the symplectic nature of the set of all solutions of the Maurer-Cartan equation on a differential graded algebra. We discuss the symplectic structure of the moduli space of Maurer-Cartan equation via the process of Hamiltonian reduction. Section 5 contains the main part of the paper. The main concept here is that of the generalized holonomy. Section 6 concerns the construction of the Lie algebra map for G = GL(n, C) or GL(n, R). Section 7 deals with several other linear reductive Lie groups which tie with the Lie algebra structure on the vector space based on free homotopy classes of unoriented curves. In Appendix A we recall the moduli space of flat connections and its relation to the moduli space of representations of the fundamental group. We also review the basic facts about homology and cohomology with local coefficients as well as a relevant version of Poincaré duality. Appendix B describes the formula for the solutions of the time dependent linear system of equations in terms of the Chen iterated integrals. In appendix C we recall the Weil model of the equivariant cohomology.
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String bracket
Let M be an closed oriented manifold of dimension m. In [CS1, CS2] , Chas and Sullivan forged the term String Topology by introducing various operations on the ordinary and equivariant homologies of LM = C ∞ (S 1 , M ) the free loop space 1 of M , where S 1 = R/Z. The free loop space LM is therefore a Fréchet manifold benefiting from such tools as the differential forms, principal bundles, connection, and others (see [H] ).
Chas and Sullivan's constructions includes a product on H * +m (LM ), called the loop product, and its equivariant version, the string bracket, defined on the shifted S 1 -equivariant homology H eq * +m−2 (LM ) = H * +m−2 (ES 1 × S 1 LM ). For the purposes of this paper we use a description of the loop product found in [CJ] . Let LM × M LM = {(γ 1 , γ 2 ) | γ 1 (0) = γ 2 (0)} ⊂ LM × LM be the space of the pairs of loops with the identical marked points and consider the following commutative diagram,
where v M is the normal bundle of the diagonal M → M × M . Also, consider the map,
induced by the concatenation of the loops λ 1 and λ 2 with the identical marked points,i.e.
The loop product is defined as follows,
Remark 2.1. Here we have to modify the definition of λ 1 • λ 2 since the result may not be smooth. For that one has to reparameterized the λ 1 and λ 2 in a neighborhood of 0 using a fixed smooth bijection of [0, 1] whose all derivatives at 0 and 1 are zero. This is standard and does not change the homological operations introduced above.
Next, we recall the definition of the string bracket on H eq * +m−2 (LM ). Consider the Gysin long exact sequence associated to the fibration
and,
The string bracket [·, ·] :
It was proved in [CS1] that (H eq * +m−2 (LM ), [·, ·] ) is a graded Lie algebra and that ∆ = m * • e * : H * +m (LM ) → H * +m+1 (LM ) together with the loop product makes H * +m (LM ) into a BV algebra. In fact, their statement holds for a manifold of arbitrary finite dimension.
Throughout this paper M is a manifold of dimension m = 2d and therefore the shift in the degrees by the dimension does not change the parity. This means H eq 2 * (LM ) may simply be regarded as a non-graded Lie algebra. In this case the equation (2.4) becomes,
Invariant functions and principal bundles
In this section, we briefly recall some basic facts and definitions. Most of the material is taken from [Go2] . Let G be a Lie group with Lie algebra g. Assume that g is equipped with a nondegenerate bilinear form ·, · , which is invariant, i.e., [x, y] , z = x, [y, z] , for all x, y, z ∈ g. We think of an element x ∈ g as a left invariant derivation on C ∞ (G) defined by,
] may then be regarded as the associative algebra of all left invariant differential operators on C ∞ (G). An invariant function f : G → R is a C ∞ function which is invariant under conjugation. The variation function of an invariant function f : G → R, with respect to a nondegenerate invariant bilinear form ·, · , is the a G-equivariant map F defined by,
In fact, one may extend
A case of particular interest is when G ⊂ GL(n, C) is a reductive subgroup, i.e., a closed subgroup which is invariant under the operation of conjugate transpose. It is evident that f (g) = Re trρ(g) is an invariant function. Moreover, reductivity implies that the invariant bilinear form x, y = Re tr(ρ(x)ρ(y)) is in fact nondegenerate. In fact, slightly more generally, any covering of such a G would enjoy the above invariant function and bilinear form.
Proposition 3.1. Let G ⊂ GL(n, C) be a reductive subgroup endowed with the invariant function f (g) = Re trρ(g). The variation function of f with respect to the nondegenerate invariant form x, y = Re tr(ρ(x)ρ(y)) is the composition,
where i is the inclusion of n × n invertible matrices in all n × n matrices and pr is the orthogonal projection onto g with respect to ·, · .
Corollary 3.2. For G = GL(n, R) or GL(n, C) with the invariant function f (g) = Re tr(g) and invariant bilinear form x, y = Re tr(xy), the variation function F : GL(n, F) → gl(n, F) is the inclusion map of invertible matrices in all real and complex matrices, respectively. Moreover, for k ≥ 1,
Corollary 3.3. For G = SL(n, R) or SL(n, C), with invariant function f (g) = Re tr(g) and invariant bilinear form x, y = Re tr(xy), the variation function
and Sp(p, q), endowed with the invariant function f (g) = Re tr(g) and invariant bilinear form x, y = Re tr(xy). Then, the variation function
The action of the universal enveloping algebra U g on C ∞ (G) gives rise to an extensionf :
We have,
For the invariant function tr : GL(n, C) → R, f (g) = Re tr(g), and the bilinear form x, y = Re tr(xy), we have,
Let M be a closed oriented manifold of dimension m = 2d and G → P → M be a principal bundle equipped with a flat connection ∇. Let P (b) denote the fiber of P at a point b ∈ M . Let conj : G → Aut(G) denote the action of G on itself defined by conj(g)(h) = g −1 hg. Since conjugation fixes the identity, conj induces an action Ad : G → Aut(g) and subsequently an action Ad : G → Aut(U g). Let P G , adP , and P u respectively denote the associated bundles to these representation, with fibers P G (b), adP (b), and P u (b) at a point b. Then, P G (b) is canonically identified as the group of G-equivariant diffeomorphisms of the fiber P (b) of P at that point b. This group is isomorphic to G, while there is no natural choice of an isomorphism. The set of all sections of P G , denoted by Γ(P G ), is then identifiable as the group of fiber preserving and G-equivariant diffeomorphisms of P . By the same token the adjoint representation Ad : G → Aut(g) gives rise to an associated vector bundle adP whose fiber adP (b) is a Lie algebra canonically identified with the Lie algebra of P G (b). Clearly, there is a well-defined exponential map exp : adP → P G inducing and exponential map exp : Γ(adP ) → Γ(P G ) and there are natural actions conj :
Therefore there is a natural associative multiplication, * , on
Here Ad is the induced action of the group G on the universal enveloping algebra, U g, of its Lie algebra g.
This multiplication extends naturally to Γ(P G )×Ω
where ∧ product on Ω(M, P U g) is the tensor product of two multiplications: the exterior product of differential forms and the multiplication of values in P u . Note that unlike the ordinary wedge product which is associative and graded commutative, ∧ is only associative. An invariant function f : G → R induces a function f : P G → R, and subsequently f :
. Also, note thatf extends to,
Remark 3.5. For linear groups G = GL(n, C) or GL(n, R), the Lie algebra g is actually an associative algebra, and therefore there is a natural map of associative algebras Π :
Moreover, for tr : G → R and x, y = Re tr(xy), one can show that,
where in the last line tr : g → R is really the derivative of tr : G → R at the identity. This gives rise to the following identity for elements α 1 , α 2 ∈ Ω * (M, P U g).
where in the right hand side all multiplication are matrix multiplications and tr :
4. Symplectic nature of the Maurer-Cartan moduli space
Note that this implies (L 1 , ω| L1 ) is a symplectic vector space.
Example 4.2. Let G → P → M be a principal bundle over a closed oriented manifold M of dimension m = 2d which is endowed with a flat connection ∇.
Assume that the Lie algebra, g, of G is equipped with a nondegenerate invariant bilinear form ·, · . Recall that invariance means [x, y], z = x, [y, z] . Consider the graded Lie algebra L = Ω * (M, adP ) of differential forms with values in adP , the adjoint bundle of P . In order to see the graded Lie algebra structure better, recall that the tensor product of a graded commutative algebra and a graded Lie algebra is a a graded Lie algebra.
, Here, the graded Lie algebra Γ(adP ) is concentrated in degree zero. The covariant derivative associated to the connection ∇ induces a derivation
, and zero otherwise. Clearly, condition (i) and (iii) are satisfied and condition (ii) and (iv) follow from Corollaries A.3 and A.4. It follows from the invariance property and nondegeneracy of ·, · that conditions (v)-(vi) hold. Lastly, (vii) is true because the manifold is even dimensional. This means Ω
for all x ∈ L 1 . The vector field ξ a respects the symplectic structure, i.e., L ξa ω = 0. In fact, this infinitesimal action is Hamiltonian and the following proposition describes its moment map.
. Such x and y are said to be gauge equivalent. The moduli space of gauge equivalence classes of the solution of the Maurer-Cartan equation is defined as,
The following a direct application of a theorem of Gan and Ginzburg [GG] for a reductive subgroup G ⊆ GL(n, C) equipped with the nondegenerate invariant bilinear form x, y = Re tr(xy).
Theorem 4.5. Let G ⊆ GL(n, C) be a reductive subgroup and G → P → M be a principal bundle endowed with a flat connection ∇. The 2-form ω(x, y) = M Re tr(x ∧ y) defines a symplectic structure on the Maurer-Cartan moduli space,
For brevity, we reserve the symbol MC for the Maurer-Cartan moduli space MC(Ω * (M, adP ) ). Note that a typical element in MC is a sum of differential forms of odd degrees. One may think of MC as an extension of the moduli space of flat connections on P . That is because, if ∇ ′ is another flat connection on P then the associated covariant derivative, d ∇ ′ , can be written of the form
In fact, if the Hard Lefschetz theorem holds for M , then the moduli space of flat connections on P is a symplectic subspace (stack) of MC, (see [Kar] and [GG] ).
Generalized holonomy
Given a principal bundle G → P → M endowed with a flat connection ∇, the trace of the holonomy yields a well-defined map on the set of the free homotopy classes of loops in the base manifold M . As it is developed in [CR] we shall see how this may generalize to families of loops, more precisely, to the homology classes in the free loop space of the underlying manifold.
For every n ≥ 0, consider the n-simplex,
Define the evaluation maps ev, and ev n,i , for 1 ≤ i ≤ n as follows,
Let T i : ev * n,i (adP ) → ev * (adP ) denote the map, between pullbacks of the adjoint bundles over ∆ n × LM , defined at a point (0 = t 0 , t 1 , · · · , t n , t n+1 = 1; γ) by the parallel transport along and in the direction of γ from γ(t i ) to γ(t n+1 ) = γ(1), in adP with respect to the flat connection ∇. Note that if R, S, and T denote the parallel transport maps respectively in bundles P , P G , and adP , over a given path, then we have S(φ) = R −1 • φ • R and T (x) = dS e (x), the derivative at the identity of S evaluated on the vector x.
For
n,i α i Given γ ∈ LM the holonomy along γ from γ(0) to γ(1) in the principal bundle P gives rise to a section hol ∈ Γ(ev * P G ). Note that Γ(ev * P G ) acts by conjugation on Γ(ev * P G ), and subsequently on Γ(ev
and let,
It is noteworthy that the above infinite sum is convergent. This follows from the discussion in Appendix B, based on the simple fact that the volume of the standard n-simplex is
and, W n α = (hol, V n α,··· ,α ) and W α = (hol, V α ) We fix an invariant function f : G → R and we shall follow the notations introduced in (3.9) and (3.3). Note that the mapŝ
naturally induce the maps on the differential forms,
which in turn induce the following maps on the corresponding pull back bundles,
Proof. Using Stokes theorem we have,
Since the connection ∇ is flat,f (hol, 1) = f (hol) is constant on the connected components of LM therefore df (hol) = 0 on LM . Actually one can say more, hol ∈ Γ(ev * (P G )) is a flat section. Therefore, by Corollary A.5, we have,
We analyze different terms separately. For the first part we have,
As for the second part we have
, where,
and then for n ≥ 1,
to calculate the first term in the equality above we have used the fact that the parallel transport of adP along a loop γ is give by Ad hol where hol is understood as the parallel transport in the principal bundle P . Now, from the invariance of f and the fact that the components of α have odd degree, it follows that the first term and the last term cancel each other. Therefore, we have,
Then,
Note that since α is a sum of forms of odd degree in Ω
We now explain how W α represents an equivariant cohomology class.
Lemma 5.3. For α ∈ MC, there exists a W α ∈ H * eq (LM ) such that,
Proof. Using the Weil model of equivariant cohomology (see Appendix C) , it suffices to show that that from the parametrization t ∈ S 1 = R/Z, is obvious since W α is obtained by pull back of the evaluation maps. We also have I v dW α = 0, because W α is a closed form. This shows that W α determines a cohomology class W α ∈ H * eq (LM ) which satisfies,
The following proposition implies that Ψ c descends to C ∞ (MC).
Proof. By Cartan's formula, we have,
Note that,
So in order to show that L ξa Ψ c (α) = i ξa dΨ c (α) = 0 we have to show that d dt W α+th | t=0 is an exact form for h = i ξa , or in other words,
is exact.
. Then, by a calculation similar to that presentation in the proof of Proposition 5.2 we show that for a ∈ L + ,
which proves the claim.
By Proposition 5.4, Ψ a : M C → R is constant on the equivalence classes of ∼.
Hamiltonian vectors field and Poisson bracket
Let Ψ a , and Ψ b denote the holonomy functions associated to the equivariant homology classes a, b ∈ H eq 2 * (LM ), and let X a and X b denote their corresponding Hamiltonian vector fields. We calculate the Poisson bracket of holonomy functions by evaluating the symplectic form on their corresponding Hamiltonian vector fields. We borrow the following lemma from [Go2] to obtain a formula for the Hamiltonian vector fields.
Lemma 6.1. The following diagram is commutative.
where,
(ii)ω is induced by ω :
(iv)η is induced by η :
(v)b t is the transpose of the mapb :
Here P g * is the bundle associated to the representation Ad * : G → Aut(g * ) induced by the conjugation action.
Lemma 6.2. The Hamiltonian vector field X a ∈ H * (M, adP ), for a ∈ H * (LM ), satisfies the following equation
where P D denotes the Poincaré duality map H * (M, adP )
·∩ [M] −→ H * (M, adP ).
Proof. For the Hamiltonian vector field X a and h ∈ T α MC,
Note that W α+th is represented by the differential form,
Because of the flatness of ∇, df (hol) = 0, therefore,
which by Theorem 2.1 [GJP] is,
Hence by (3.5) and (3.3),
Therefore, by Lemma 6.1,
The following lemma is a version of the multiplicative property of the formal power series parallel transport [Ch, M] . See (3.7) to recall the definition of the product * .
2 W α where pr 1 and pr 2 are the projections on the first and the second factor, which using Lemma 6.3 equals,
where U ∈ Ω * (M × M ) is a differential form supported in a neighborhood of the diagonal realizing the Thom isomorphism. Now, by Lemma 6.2,
Using Remark 3.5 and the inclusion Ω * (LM, ev C) , and by Corollary 3.2,
Thus, the above Poisson bracket equals,
But, it follows immediately from Remark 3.5 and line (3.6) that,
2 W α ) which proves the theorem.
String bracket for unoriented strings
In this section we calculate the Poisson bracket for the generalized holonomy associated to a principal G-bundle equipped with a flat connection, where G is one of the proper reductive subgroups of GL(n, C) such as O(n, R), O(n, C), U(n), SL(n, R), or SL(n, C). Let i : LM → LM be the involution which reverses the orientation of a loop. We continue to denote the induced map on the homology H * (LM ) and the equivariant homology H eq * (LM ) by a → i(a). We use i * for the induced map on the cohomologies. It is a direct check that the latter maps commute with the Gysin maps e * and m * .
Theorem 7.1. For G = O(p, q), O(n, C),U(p, q), Sp(n, R) and Sp(p, q),
where a, b ∈ H eq 2 * (LM ).
Proof. Consider
Notice that first term of the above summation is 1 (compare (5.2)). In a manner similar to the proof of Theorem 6.4,
By Corollary 3.4,
and all the terms above make sense using the fact G is one of the subgroups listed in the theorem. Since for every g ∈ G, Re tr(A) = Re tr(A −1 ) it follows
Also, as in the proof of Theorem 6.4,
Similar to the proof of Theorem 6.4,
So, we only have to show that m * a×m * b
Note that ev • i = ev, and therefore (ev × ev)
, and therefore by Remark 3.5 and equation, (3.6)
which proves (7.2).
For a homology class a ∈ H eq * (LM ), letā = a + i(a) which could be thought of as a homology class of unoriented loops.
as the Thom collapsing map commutes with the orientation reversing map. Also,
As for the Lie bracket,
Then, it follows from the lemma above that,
This motivates a new Lie bracket on H eq * (LM ) defined by,
Now, using the above observation, Theorem 7.1 can be reformulated as following:
or in other words a → Ψ a , a ∈ H eq 2 * (LM ), is a map of Lie algebras with respect to [·, ·] 1 and the Poisson bracket on C ∞ (MC).
By turning to SL(n, R) and SL(n, C) and doing a computation similar that in the proof of Theorems 6.4 one obtains the following (compare Theorem 3.15 in [Go2] ).
Theorem 7.4. For G = SL(n, R) or SL(n, C), we have,
Appendix A. Vector bundles and flat connections
In this appendix first we review some basic facts relating the space of representations of π 1 (M ) the fundamental group of a manifold M in a Lie group G and the space of the isomorphism classes of principal bundles on M equipped with a flat connection. Second we prove some basic facts which at end enables us to show that Ω * (M, adP ) is an example of DSLA as it is defined in Section 4. In the end we recall some homology and cohomology with coefficient in a flat bundle. For more details, we refer the reader to [Gr] . Notice that a connection on a principal bundle G → P → M gives rise to a connection on the associated vector bundles. Therefore, we denote the connections on its associated vector bundles with the same notation ∇. The covariant derivative ∇ : Let Hom(π 1 (M ), G) denote the set of all group homomorphisms from π 1 (M ) to a Lie group G. Let F denote the set of all pairs (P, ∇) of principal G-bundles P equipped with a flat connection ∇ up to bundle isomorphisms. The universal covering π 1 (M ) →M → M may be viewed as a principal π 1 (M )-bundle over M and therefore given a homomorphism ρ : π 1 (M ) → G one can construct the associated bundleM × ρ G. The canonical connection given by unique lifting property will induce a connection onM × ρ G. This establishes a map Φ :
Proposition A.1. Φ is surjective. And Φ(ρ 1 ) = Φ(ρ 2 ) if and only if ρ 1 is conjugate to ρ 2 .
Proof. Take an element (P, ∇) ∈ F. Choose a basepoint b ∈ M and consider the model ofM made out of homotopy classes of paths in M starting at b. The π 1 (M ) action is composition of loops based at b with paths starting at b. Let ρ : π 1 (M ) → Aut G (π −1 (b)) be the group homomorphism given by parallel transport in P along elements of the fundamental group with respect to the connection ∇.
Let φ(γ, τ ) to be the parallel transport of τ (p) along γ in P with respect to ∇. A moments thought show that φ is an isomorphism which in turn shows Φ is surjective. It remains to show that Φ(ρ 1 ) = Φ(ρ 2 ) if and only if ρ 1 is conjugate to ρ 2 . If Φ(ρ 1 ) = Φ(ρ 2 ) there is a bundle isomorphism ψ : (P 1 , ∇ 1 ) → (P 2 , ∇ 2 ). It is easy to see that given a λ ∈ π 1 (M ), the holonomies along λ in (P 1 , ∇ 1 ) and (P 2 , ∇ 2 ) are two G-equivariant maps which are conjugate by the restriction of the isomorphism ψ to the fibre of P 1 above b. The converse is trivial.
Proposition A.2. There is a homeomorphism between the topological spaces of the conjugacy classes of representations of π 1 (M ) in a Lie group G and the isomorphism classes of principal G-bundles with flat connections up to isomorphism of G-bundles respecting flat connections.
In this paper, we are mainly interested in the adjoint bundle g → adP → M , and the universal enveloping bundle U g → P u → M , associated with the adjoint representation Ad : G → Aut(g) and Ad u : G → Aut(U g). Below are a few applications of the previous results.
Proof. The claim may be verified locally. In a local trivialization U × G of P , the connection ∇ is given by a 1-form θ ∈ Ω 1 (M, g). In the corresponding trivialization U × g of adP , the differential d ∇ equals d + [θ, ·]. Note that both terms are degree 1 derivations of the bracket.
Recall the definition of the bilinear form ω from Example 4.2.
when i + j = 2d, and zero otherwise. It follows from an argument similar to the proof of A.3 and the Stokes Theorem that,
Corollary A.5. For s ∈ Γ(P u ) a section of the adjoint bundle,
Let E, E 1 , E 2 , and E 3 denote vector bundles over a compact manifold M of dimension m, each endowed with a flat connection ∇. Given a bundle map β :
In addition, if β is parallel, this map respects the differentials and consequently induces a well-defined cup product ∪ :
3 ) on the cohomology. A noteworthy special case is the differential graded algebra structure of the differential forms with values in a flat bundle whose fibres are algebras and the parallel transport maps are algebra maps. For instance Ω * (M, P U g) is an associative (not graded commutative) differential graded algebra giving rise to the graded associative algebra H * (M, P U g). Let us also consider chains C * (M, E) with values in a bundle E. More precisely, C k (M, E) is the vector space generated by pairs (σ, s), where σ : ∆ k → M is a singular chain and s is a flat section of σ * E. The boundary map ∂ : C k (M, E) → C k−1 (M, E) is defined as ∂(σ, s) = Σ −→ H * (M, adP ), induced by the bundle map β : R ⊗ adP → adP , defined by β(r, x) = rx, where R → R → M is the trivial R-bundle. The Poincaré duality map is an isomorphism (see [C] ).
Appendix B. Parallel transport and iterated integrals
Let R k → E → M be a vector bundle endowed with a fixed connection ∇ which is not necessarily flat. In this appendix we show that the holonomy of any other a arbitrary connection ∇ ′ (not necessarily flat) along a loop γ in M can be expressed by an iterated integrals and the holonomy of ∇. This explains the definition of generalized holonomy in Section 5. We presume that this is well known but we do not know a good reference for it.
To start, we trivialize E over a given path γ : [a, b] → M and using this trivialization we take ∇ + θ ∧ · a local expression for ∇ ′ . Here, θ ∈ Ω 1 (M, End(R k )) is a matrix valued 1-form. We aim at finding t → P t ∈ End(R k ) the parallel transport along γ. For a vector v ∈ R k , t → P t (v) the parallel transport of v along γ is defined by the differential equation, (B.1) ∇ ′γ (t) P t (v) = 0 Since the bundle has been trivialized , we can think of P t as a matrix valued function which verifies, ∇γ (t) P t (v) + θ(γ(t))P t (v) = 0 Let ψ t be the parallel transport of ∇ and R t ∈ End(R k ) such that P t = R t ψ t . Since ∇γ (t) ψ t = 0, by Leibnitz rule the differential equation (B.1) reduces to, (B.2) dR t dt + θ(γ(t))R t = 0 in the matrix valued functions for the initial value R 0 = id. Let A(t) = θ(γ(t)), the first observation is that (B.2) is equivalent to, hence T is a contracting operator on the Banach space of continuous matrix valued functions on [0, b] . It is a known fact that such operators have unique fixed point. In fact the fixed is the limit point of the Cauchy sequence φ, T (φ), T 2 (φ), · · · where φ is arbitrary.
By some classical techniques we can show that this solution can be extended to the entire interval [0, 1] This explains the formula for the generalized holonomy in section 5 and confirms the convergence of the generalized holonomy. To sum up, the solution of a general timedependent system of linear equationsẊ = A(t)X with initial condition X(0) = X 0 may be expressed in terms of a power series each of whose terms is a Chen iterated integral. Note that in dealing with a time-independent system, in which A(t) = A, for all t ∈ R, this formula reduces to X(t) = e tA X 0 , since the volume of the n-simplex is
